Abstract. Using the finite element method and mathematical models, this study determined mechanical characteristics of slotted-tube stents. A calculation model was developed and a type of material used for coronary slotted-tube stents was chosen in order to evaluate the biomechanical response to changes in geometrical parameters of stents. The numerical calculations were carried out using ADINA software. Stents were made of the four materials, i.e. austenitic steel 316L (Cr-Ni-Mo), cobalt-matrix alloy (Co-Cr-W-Ni) and two titanium-matrix alloys . The effect of the stent geometry was analysed, with emphasis on examination of the effect of key mechanical phenomena such as expansion pressure and a suitable level of stress and plastic strain in stents. Analysis of the degree of foreshortening and dogboning after stent expansion was also carried out.
Introduction
It is hard to imagine current scientific and technological advances, including the development of mechanical sciences, without the emergence of information technology and numerical techniques. The use of computer methods in technology and science led to the development of new research fields, such as computational mechanics. This area of research is also referred to as numerical methods.
Mathematical analysis has led to the introduction of numerous descriptions of material objects in various fields of science, including mechanics. With the powerful capabilities of differential and integral calculus as a mathematical tool, the concept of continuous medium started to be broadly used, both concerning the continuous decomposition of matter in space (single-, two-or three-dimensional) and its evolution over time. On the other hand, computer methods allow for description of only discrete (discontinuous) structures. Therefore, in order to describe the concept of a continuous medium that naturally represents the mathematical abstraction, the time and space continuum has to be divided and replaced by a finite set of points, elements or ranges.
Since both computer memory and the number of operations that can be performed per time unit are finite, the mechanical processes and systems described by means of computer methods have to be represented by discrete and finite mathematical models.
Examinations of real phenomena that occur in the systems created in nature or those developed by humans require selection of information and a choice of significant factors that have an effect on their behaviour. The description of the phenomena analysed in mechanics is presented by means of mathematical equations. These are mostly differential equations or a standard equation defined in a certain region Ω, where the examined phenomenon occurs. In such cases, the equations represent the mathematical model of the phenomenon. This mainly means the continuous or discrete model. These equations are to be complemented by the boundary conditions that must be satisfied on the boundary of the region Q, and also the initial equation, which determines the state of the phenomenon at a certain time assumed as initial. Partial differential equations with boundary and initial conditions represent the boundary-initial value problem [1] .
The ability to solve boundary-initial value problems in mechanics is of key importance to the analysis of phenomena, predicting their patterns and rational design of the system they are supposed to occur in. Definition and solving boundary-initial value problems can be mainly used for solving the problems that have a direct practical importance. The boundary-initial value problems can be solved by means of the numerical and analytical methods.
The use of analytical methods is, however, limited, since for any region Ω, finding the strict solution to the boundary-initial value problem is usually impossible. The only universal method to solve the boundary-initial value problems is to use numerical methods. It is numerical methods that represent one of the principal mainstreams in the development of contemporary technology and science. The use of these methods allows for computer simulation of real phenomena with physical nature, including mechanical phenomena [2] .
Computer modelling and simulation represent the extension of the scope of theoretical sciences, where obtaining new cognitive results is based mainly on mathematical models. These models describe physical phenomena and are fundamental to scientific theories. However, simulation can offer much more e.g. it can be used for exploration of new theories and designing new experiments to verify these theories.
There are a number of computer methods that allow for solving boundary-initial value problems. The main methods include [3] :
The finite element method is at the forefront of the computational methods since it is the commonly used standard for engineering computations. The finite element method is an approximate method of solving partial differential equations.
The major benefit of MES is its capability to simulate the processes for elements with complex shapes and to obtain the results for which analytical calcula-tions would be impossible or very difficult. The problem can be modelled in the computer memory, without the need for designing a prototype, which makes the design process substantially easier and faster [4] .
Computational analyses have been used in many areas of biomechanics and biomedical engineering. Current challenges are connected with the use of examinations based on computer simulations in medicine, especially those concerning soft and hard tissue and examinations of biological systems at the level of cells and entire body organs.
Numerical model of a coronary stent
The finite element method (FEM) is a powerful tool for evaluation of biomechanical behaviours of complex stent structures. The tool optimizes mechanical and physical properties of stents, especially when physical methods are difficult or impossible to be used and numerical modelling remains the only alternative. The major advantage of numerical modelling is that it answers the question of "What if?" Therefore, computational models represent a valuable part of designing stents and the developing processes. As numerical models, they are always very close to real conditions. In general, a model of a finite element of the stent is determined by its geometry, material properties, adequate load and boundary conditions.
Coronary stents have revolutionized invasive cardiology. They ensure successful treatment of coronary disease, repair blood vessels and maintain the free flow of blood in these vessels. If stents can be implanted, they offer a perfect alternative to radical surgical interventions.
Numerical computations have mainly concerned the distribution of stresses and displacements of individual elements in the adopted system model. This allows for optimization of geometrical characteristics of the implant and its biomechanical properties [5] . Numerical simulations can be successfully used for determination of a number of parameters which are critical to the clinical assessment of specific stent designs e.g. stent shortening after expansion. In the present study, the numerical analysis was performed based on the finite element method using the commercially available ADINA v.8.8 software [6] .
Individual stages of the study concerned the development of [7] : • geometrical model of the coronary stent, • discrete model of the coronary stent, • numerical model of the coronary stent using the finite element method, • model after modification.
Mathematical model
The study analysed equilibrium equations, without body forces, used in the velocity form i.e. [2, 8] :
where σ = σ(σ ij ) is stress tensor, x = x(x i ) is vector of location of the given particle (point).
The equation (1) is supplemented with constitutive relationships, which, in general notation with the assumption of additivity of strain, are given by
and boundary conditions: -in the internal surface of the stent (boundary Γ p ), there is the stress vector (pressure p)
-in the nodes of the cross-section perpendicular to the axis x 1 = x (boundary Γ u ), degrees of freedom were removed in the direction x, i.e.
whereas in one of the external nodes of the cross-section Γ u , the degrees of freedom in the directions y and z and rotation were removed i.e.
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where: D is elasticity matrix,
is plastic strain tensor, n is the vector which is normal to the internal stent surface and the sign (°) means an incomplete inner product.
In the mathematical and engineering notation (with consideration for symmetry), stress and strain tensors have the components: 
where ( ) e ij e e ε ε ε = is the plastic strain tensor.
For isotropic materials, the elasticity matrix in 3D tasks is 
where µ = µ(E, ν) and λ = λ(E, ν) are Lamé constants (constant µ is shear modulus) depending on Young's modulus and Poisson's ratio:
The developed model was used for numerical computations.
Description of the material model
There have been a number of publications devoted to the problems of modelling of stents made of 316L steel or alloys based on a cobalt matrix, but only the study [9] attempted to analyse stents made of Ti-6Al-4V alloy, apart from the previously mentioned materials. Therefore, the aim of the present study was to develop stent models made from two alloys based on titanium matrix and compare them with the most popular materials, i.e. Cr-Ni-Mo and Co-Cr-W-Ni. Titanium-matrix alloys analysed in this study, i.e. Ti-6Al-7Nb and Ti-13Nb-13Zr, have been mostly used in implantology due to their properties concerning corrosion resistance and biotolerance.
An elastic-plastic model of material with isotropic strengthening was adopted in the analysis of mechanical phenomena in stents. Plastic deformations were determined according to the associated plastic flow law [2, 8, 10, 11] 
where Λ is a scalar plastic multiplier, f = f(σ,Y) is the flow function depending on the stress tensor and yield stress. The plastic flow model with the Huber-Mises yield criterion and isotropic hardening was used to determine plastic strains. The plastic flow function was adopted as: 
where: Y 0 is the yield point of material at the absence of plastic strain,
ε ,κ) is excess stress over yield point resulting from material hardening. Huber-Mises equivalent (effective) stresses were determined as follows [10, 11] :
where
is the stress deviator tensor.
Differentiation of (10) with respect to the stress tensor and using (12) and (9) leads to:
With unloading, neutral and loading conditions, the following relationships can be written
Speed of effective plastic strain is described by the equation:
Substitution of (15) with (13) yields:
The equation (16) suggests that the scalar plastic multiplier represents effective plastic strain.
The equivalent plastic strain (effective plastic strain) was defined as:
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This quantity presents the total accumulation of plastic strain generated during load around the stent structure point [12] .
Material properties adopted for computations were consistent with the ranges specified in the standards [13] [14] [15] [16] : a) PN -ISO 5832-1 for 316L steel, b) PN -ISO 5832-5 for L605 cobalt-matrix alloy, c) ASTM F1295 (α+β) for Ti-6Al-7Nb titanium-matrix alloy, d) ASTM F1713 (β) for Ti-13Nb-13Zr titanium-matrix alloy. Table 1 presents the material data adopted in the study. 
Geometry of coronary stents
The models of stents presented in the literature were over 20 mm in length, but from the analysis of the cardiological references, a vast majority (over 70%) of stenoses treated by coronary interventions did not exceed the length of 15 mm. Therefore, this study modelled the stent with the length of 12 mm.
Modelling was performed for a slotted-tube stent. Model geometry was inspired by the Palmaz-Schatz TM stent design [17]. Total stent length was constant, L = 12 mm. The internal radius of the stent studied was R = 0.5 mm (see Fig. 1 ). Stent models were analysed for two different numbers of segments, i.e. 12 and 15. Dimensions of individual parameters depending on the number of segments are contained in Table 2 . Three stents with different wall thickness were analysed: G = 0.08, 0.1 and 0.12 mm. The individual lengths of the stent (D1, D2, D3, D4) were not changed with the increase in the number of segments. The variable parameters were Kl1, Kl2 (angles of connectors) and Kp1 and Kp2 (angles between mesh arms of the segment), which depended on the number of stent segments [18] . 
Type of node elements
The computations using finite element methods were based on a grid of elements for the designed geometrical models. Discretization was carried out by means of the element of the 3D SOLID type and the analysed cases were discretized with eight-node elements. The number of nodes in the models analysed ranged from 127260 to 159075 for the stents with segments from 12 to 15, respectively. One segment of the stent contained 6120 elements of the 3D type. The total number of 3D elements obtained for the cases studied was from 73584 to 97980.
Migliavacca et al. [19] demonstrated that the numerical simulations of stents are sensitive to the improvement of the FEM grid. Therefore, grid validation was performed, and it was found that the current grid was sufficient for further analysis. Figure 2 presents an example of a geometrical model of a coronary stent with the superimposed finite element mesh in the non-expanded (Fig. 2a) and expanded stents (Fig. 2b) . 
Boundary conditions and load
Most stents are designed to be used in coronary arteries with an internal diameter > 3.0 mm. However, clinical tests have demonstrated that around 40% of lesions in coronary arteries qualify patients for stent implantation in arteries with diameters < 3.0 mm. Therefore, the study analysed stents expanded to the diameter of 3 mm.
Numerical computations required determination of initial and boundary conditions which would allow for modelling of the phenomena occurring in the real object. For this reason, the following assumptions were made:
• expansion pressure was applied to the internal surface of the stent and was defined as a pressure used in the stent to reach the expected diameter (Fig. 3 ); • the stent was expanded until the internal diameter of a healthy coronary vessel was obtained (3.0 mm). 
78
The following assumptions were made to determine mechanical properties of stents:
• implantation at low expansion pressure;
• limitation of foreshortening (≤ 2%);
• low increase of the diameter in the beginning and end of the implant (Min dogboning).
For this model and the assumed geometrical stent characteristics, the state of stresses and strain was determined for various expansion pressures used in clinical practice and foreshortening and dogboning were evaluated.
Model modification
The study assumed that numerical analysis would concern the effect of variable stent geometry on the properties of the expanded stents. The aim of the study was to suggest potential design parameters which can limit the risk of restenosis caused by shortening or uneven extension of the implant in the beginning and the end of the stent [20] .
Model modification was performed by changing geometrical characteristics of the stent. Optimization required parameterization of the geometrical model, which is represented by the set of variable shapes instead of constant geometrical values of the model. It was rebuilt and again discretized according to the updated design variables.
As mentioned before, the analysis concerned stent models for two different numbers of segments: 12 and 15, with three different values of wall thickness: G = 0.08, 0.1 and 0.12 mm. Angles of connectors Kl1, Kl2 and angles of wires Kp1 and Kp2 were also variable and dependent on the number of stent segments. These three parameters (number of segments, wall thickness and angles) were optimized in this study. Figure 4 presents stent models with 12 and 5 segments. 
Results of numerical computations
The present study analysed Palmaz-Schatz TM stents using the finite element method. The stents used in the study were expanded with the pressure applied from the inside in order to determine their mechanical characteristics. The author evaluated the effect of the analysed geometries of coronary stents with emphasis on the importance of key parameters such as implant pressure, stress and plastic deformities in coronary stents, for various utility materials.
The parameters that are essential in terms of clinical assessment of a particular stent design e.g. shortening of the stent after expansion and evaluation of the unevenness of the increase in the diameter in the proximal and distal ends of the stent were also determined [21, 22] . Foreshortening was calculated from the formula:
where: L -initial stent length, load L -stent length at maximal load pressure.
Furthermore, uneven increase in implant diameter in the beginning and end of the stent (dogboning) was evaluated from the formula [23] :
where: distal D -stent diameter in the distal part, central D -stent diameter in the central part. Table 3 contains the results of numerical analysis for four analysed materials. The table contains the values of expansion pressure obtained for individual cases of stents and the effective stresses, plastic strain and degree of shortening and increase in the diameter in the beginning and the end of the stent [7] .
As mentioned before, the stent was expanded until the internal diameter of a healthy coronary artery was obtained (3.0 mm). Stent expansion pressure was adjusted to ensure reaching the required stent diameter. This pressure was necessary for plastic deformation of the stent from the material used. A gradual linear increase was ensured on the internal stent surface. The pressure for all the analysed cases ranged from 0.071 to 0.552 MPa. The computations revealed that the stent with the highest number of segments required the highest pressure. Furthermore, the results demonstrated that the increase in stent wall thickness led to an increase in expansion pressure by ca. 30% on average.
Another stage of the study concerned determination of maximal and minimal stresses averaged in the nodes for individual stent types. Varied distributions of effective stents were obtained for the materials analysed. The values of effective stresses exceeded their conventional yield limit for all the analysed materials, which caused a constant deformation of stent geometries. This condition is necessary for a proper process of implantation of the stent in the coronary vessel. The Cr-Ni-Mo stent was characterized by the lowest values of effective stresses compared to stresses obtained for other analysed materials, with the highest values of stresses documented for Ti-6Al-7Nb stents. The highest values of stresses occurred in connectors and branches of the stent structure. Figure 5 presents the example distributions of maximal and minimal stresses obtained during the computations. The analysis showed that for all materials, maximal plastic strain was observed in stent branches in the areas of the highest values of plastic strain. The lowest values of strain were recorded for the stent with the lowest Young's modulus i.e. in Ti-13Nb-13Zr titanium-matrix alloy, whereas the highest values were found for the cobalt alloy, for which Young's modulus had the highest value among all the analysed materials [24] .
Foreshortening analysed in the study was defined as minimal longitudinal shortening during expansion. Excessive degree of shortening leads to the unfavourable shear between the stent and the coronary artery. With the constant assumption, values of foreshortening for the stent 12 and 15 remained within the range adopted for computations. For these stents, foreshortening ranged from 0.422 to 0.951%. Figure 6 presents a stent in the non-expanded form and after expansion with a noticeable degree of stent foreshortening. The final stage of the study was to evaluate the increase in diameter in the beginning and at the end of the stent. For this purpose, the finite element method (FEM) was used for simulation of a transitional process of expansion for different structures of a stent expanded at internal pressure. Transitional and unequal expansion of the stent, termed dogboning, is one of the major causes of acute coronary arterial injuries. This type of damage in arteries is closely related to a restenosis in a stent. At this stage of the study, the relationship between stent load compared to the deformation curves was analysed in four places for all the considered stents (Fig. 7) . Curve A0 represents the initial plane; A2 -a plane at 2 mm of the stent; A4 -at 4 mm; A6 -central plane of the stent (6 mm on the length). Stent expansion occurred only through bending out of individual arms, without the use of connectors.
The analysis showed that with the increase in stent thickness, the increase in the diameter was reduced, whereas the rapid increases in implant diameter were first observed in the initial and final plane. For the relationships of stent load compared to deformation curves in four places presented for all materials, an insignificant increase in diameters in the A4 plane was observed, whereas the A2 plane showed the increase in diameters of ∆d = 0.2 mm. Analysis of the increases in the stent diameters for the material studied in the distal plane revealed that the lowest dogboning occurred for 15-segment stents with a wall thickness of 0.12 mm. The analysis showed that the group of 12-segment and 15-segment stents made of Cr-Ni-Mo steel and Co-Cr-W-Ni cobalt alloy should not represent potential limitations that lead e.g. to restenosis. Therefore, this group can be used for implantation of coronary arteries. In stents made of alloys based on titanium matrix (Ti-13Nb-13Zr and Ti-6Al-7Nb), only the group of 15-segment stents did not lead to vessel damage and can be used for implantation.
Summary and final conclusions
Mathematical models of blood flow in blood vessels and stents help evaluate the shape and materials for making this type of pipes. The models are so accurate that the US Food and Drug Administration, in order to limit the costs of expensive experiments, takes into consideration introduction of the requirement of mathematical modelling for stent design before performing any experiments. Precise modelling of the entire human vascular system extends beyond current computational capabilities. Therefore, researchers continue to focus their modelling efforts on small elements of this system, combined with simplified models of the rest of the whole system. Navier-Stokes equations are used to describe blood flow and their effect on vessel walls. Mathematical evidence was the main part of recent studies leading to the rejection of one type of stent and designing improved models. The current objective is to create computational models of fluid flow by vessels and stent models which allow for improvement of treatment and prediction of the diseases of the coronary artery (which represent the main cause of heart attack) [25] .
In the present study, detailed mechanical characteristics of stents were determined using the finite element method. More specifically, stress and strain present in the stent were determined with respect to the pressure applied. Foreshortening and dogboning observed after stent expansion were also evaluated. The study took into consideration the models with two various numbers of segments and three different values of wall thickness. The analysis was carried out for four biomaterials: Cr-Ni-Mo austenitic steel, Co-Cr-W-Ni cobalt-matrix alloy and two titanium--matrix alloys: Ti-13Nb-13Zr and Ti-6Al-7Nb.
Numerical computations and analyses of obtained results led to the following conclusions:
• Design and choice of material for stents are important to the expansion procedure.
• Based on the analysis of the obtained results, change of stent geometry (increasing number of segments) minimizes the dogboning effect.
• The numerical analysis of stent foreshortening demonstrated that the obtained values of foreshortening remain within the ranges recommended in the standards.
• It was found that there is a relationship between the Young's modulus and the foreshortening or dogboning. Materials with a higher Young's modulus are characterized by lower dogboning and smaller shortening.
• Greater dogboning is observed in stents made of titanium alloys, although titanium alloys has a much lower Young's modulus compared to other analysed materials.
• The numerical simulations demonstrated that the values of stress and strain did not lead to stent damages. • Higher expansion pressure was needed for extension of the stent with a lower number of segments.
• Due to the impossibility of performing the experiments, the study focused on virtual examinations using the finite element method.
• Numerical simulation performed using the computer technique turned out to be an effective tool for determination of accurate mechanical characteristics of stents.
The conclusions result from the adopted goal and scope of the study. The problems discussed in the study are a very complex area of research. Therefore, it was impossible to take all aspects of stent implantation to the coronary arteries into consideration. Important objectives and solutions that help determine a number of parameters that are important for evaluation of clinical usefulness of a specific stent design were indicated.
With current development of technology, computers are a very common tool, which, using the software, allows for obtaining numerical equations that describe mathematically formulated engineering problems.
